This paper investigates the steady state property of queue length for a batch arrival queue under N-policy with single vacation and setup times. When the system becomes empty, the server is turned off at once and takes a single vacation of random length V . When he returns, if the queue length reaches or exceeds threshold ( 1) N N  , the server is immediately turned on but is temporarily unavailable due to a random setup time U before offering service. If not, the server stays in the system until the queue length at least being N . We derive the system size distribution and confirm the stochastic decomposition property. We also derive the recursion expressions of queue length distribution and other performance measures. Finally, we present some numerical examples to show the analytical results obtained. Sensitivity analysis is also performed.
Introduction
This paper pays attention to a batch arrival queueing system under N-policy with a single vacation and setup times, which can model queue-like manufacturing/production/inventory system. Consider a system of processing in which the operation does not start until some predetermined number (N) of semi-finished products waiting for processing. To be more realistic, the machine need a setup time for some preparatory work before starting processing. When all the semi-finished products in the system are processed, the machine is shut down and leaves for a vacation. The operator performs machine repair, preventive maintenance and some other jobs during the vacation. After these extra operations, the operator returns and checks the number of semi-finished products in the queue determining whether or not start the machine.
Queueing system with vacations has been attracted considerable attention to many authors. It has effectively been applied in computers and communication systems, production/inventory system. Doshi [1] and Takagi [2] presented an excellent survey of queueing system with server vacations. One of the important achievements for vacation queueing system is the famous stochastic decomposition results, which was first established by Fuhrmann and Cooper [3] .
The N-policy was first introduced by Yadin and Naor [4] , which is a control policy turning the server on whenever N (a predetermined value) or more customers in the system, turning off the server when system is empty. Lee et al. [5] successfully combined the batch arrival queue with N-policy and obtained the analytical solutions. Later, Lee et al. [6, 7] analyzed in detail a batch arrival M x /G/1 queue under N-policy with a single vacation and repeated vacation respectively. They derived the system size distribution which confirmed the famous stochastic decomposition property, and the optimal stationary operating policy was also investigated. At the present day, batch arrival queueing system under N-policy with different vacation policies have been received considerable attention because of its practical implication in production/inventory system. A number of searchers, such as Choudhury et al. [8] [9] [10] , Ke [11, 12] , and Reddy et al. [13] , and many authors not be listed above have considered batch arrival queueing system under N-policy with various vacation policies.
It is to be noted that few authors involved above considered the probability distribution of the number of customers in the system for batch arrival queue under N-policy with different vacations policies. Recently, Wang et al. [14] analyzed the behaviors of queue length distributions of a batch arrival queue with server vacations and breakdowns based on a maximum entropy approach [15, 16] . Ke et al. [17] also used the maximum entropy solutions for batch arrival queue with an un-reliable server and delaying vacations. They all derived the approximate formula for the probability distribution of the number of customers in the system. Tang and his co-author [18, 19] paid attention to the queue length distribution for queueing system, because it is an important performance measure for the system design and optimization. For example, the queue-length distribution has been applied for the communication system buffer design [20] .
To the best of our knowledge, fewer researchers have derived the queue length distribution under N-policy batch arrival queueing system. Although, the batch arrival under N-policy have been studied extensively, but the exact analytical solutions for queue length distribution do not be obtained. This motives us to develop an approach for the queue length distribution of the N-policy batch arrival queueing system. In this paper, we study the steady state queue length for an M x /G/1 under N policy with single vacation and setup times. First, we derive the system size distribution by the supplementary variables method. Second, using the Leibniz formula of derivation combing some knowing results, we obtain the additional queue length distribution and the recursion expressions of the queue length distribution. Finally, we present several examples for application of these recursion expressions. Also, the effect of different system parameters on the queue length distribution is investigated.
The Mathematical Model and Notations
This paper considers an M x /G/1 queueing system where the arrival occurs according to a compound Poisson process with random batch size X . Arriving customers in the queue form a single waiting line and the service discipline is assumed to be FCFS. The service time is an independent and identically distributed random variable with a general distribution function ( ), 0 S t t  , and with finite mean service time. The server can only process one customer at a time. The server is turned off each time if there is no customer in the queue and leaves for a vacation of random length V . When he returns from the vacation and finds the queue length is no less than N , the server starts to setup with random length U . Otherwise, he stays in the system and does not start setup until the customers reaches and exceeds N. When the setup is completed, the server begins to serve the customers until there is no customer in the system. Throughout the analysis, the following notations and the variables will be adopted. al. [19] , the recursion expressions of queue-length distribution are as follows:
where
This section, we set up the system equation for the system size distribution at stationary and derive the p.g.f. of the system size distribution. We introduce the supple-
Following the argument of Lee et al. [5] [6] [7] , we can easily set up the following steady state system equations the supplementary variables technique.
Taking the LST of both sides of Equations (4)- (10), we get
Noted that the LST of
From Equations (13)- (15), we have
Substituting (21) into Equation (20), we have
Similarly, from (16), (17) and (18), (19) respectively and combining (11) and (12), we have
Let   P z be the p.g.f. of the queue size at an arbitrary time epoch. Then,
Following Lee et al. [7] , we have      is the probability that system state visit n during an idle period in the M x /G/1/ N-policy queue [5] .
Taking (29) into (28), we have
From Equation (30) and (1) 1 P  , we get
Thus, the p.d.f. of the system size distribution in the steady state becomes
, then the Equation (32) agrees with Equation (25) of Lee et al. [7] .
Remark 4.2 Let 1 N  , our model can be reduced to the batch arrival queue under a single vacation policy with startup. In this case the result (32) coincides with Equation (30) of Ke [21] , in which the closedown time is assumed to be zero.
The Queue Length Distribution

The Additional Queue Length Distribution
This section, we will derive the additional queue length distribution. From (32), we see that the stationary queue length distribution of the M 
Obviously, the probability of additional queue length being zero is as follows
When 1, , 1 j N    , we can get the probability distribution of the additional queue length
Following Leibniz formula, we have
First, let us define the following functions
For sake of convenience, we note
. It is to be noted that the following recursion expressions hold. 
When , 1, j N N    , in the similar manner proceeding with (36), we get the following additional queue length distribution.
With a direct method, we have derived the additional queue length distribution presented by (34), (40) and (41). Also, following the stochastic decomposition (32), the analytical queue length distribution can be derived. 
The Queue Length Distribution in Equilibrium
where a j k p  is given by (40).
, we first analyze the following two cases:
given by (40).
So, the probability of queue length
given by
The recursion expressions (42), (43) and (44) present the steady state queue length distribution for the M x /G/1 queueing system under N-policy with a single vacation and setup times. We can see that linking j  with (37)-(39) the queue length distribution could be calculated by these recursion expressions.
Numerical Experiments
This section we try to illustrate the application of these recursion expressions by taking several numerical examples. Here we assume that the batch size distribution is displaced geometric distribution i.e. We present the results of the queue length distribution in Tables 1-3 with different , N u and v . Observing the Table 1 , it is clear that: 1) the probability of the system being empty (P 0 ) decreases as N increases; 2) when N is constant, the probability increases from P 1 to P 3 and then decreases and converges to zero. From Tables 2-3, one sees that 1) the probability of the system being empty increases as u or v increases; 2) the probability
increases as u or v increases, while the probability   P j j N  decreases as u or v increases; 3) the probability P j increases from 1 P to 3 P and then decreases and converges to zero under constant u or v .
The mean queue length (EL) is also presented in Tables 1-3 respectively. It is shown that as N increases mean queue length increases, while mean queue length decreases as u or v increases. It is worth mentioning that the mean queue length could not being the only one performance measure for the system design and optimization. For example, when 8, N  10, u  12 v  , the mean queue length is 4.8892, but the total of the probability (sum) when the queue length exceeding 5 is 0.4023, which could not be neglected.
Conclusions
In this paper we have derived the additional queue length distribution and the recursion expressions of the queue length distribution for the M x /G/1 queueing system under N-policy with a single vacation and setup times. Furthermore, we present the numerical results of the queue length distribution and the distribution properties are also investigated. The results in this paper would be significant and useful to system designers and others. The approach developed in this paper is powerful and can be used to analyze more complex queueing system.
